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conventional schemes such as those successfully used in solv-
ing the two-dimensional boundary-layer flows, thus avoiding
the large computing time required for the exact solution.
Additionally, the numerical solution is basically less restric-
tive in view of the nature of the approximations as com-
pared with the existing methods.l.# As this physical model
is valid wherever the boundary-layer concept is applicable,
present approximations should be effective for a wide class
of vehicle geometries and flow conditions. With the gov-
erning equations written in central difference form and using
the Crank-Nicholson type of implicit schemes, they have
been programmed for numerical calculation.

For comparative purposes, the case presented in Ref. 3
was selected. It is seen that the heat-transfer rates as shown
in Fig. 1 correspond very well considering the difference in
the inviscid result used (Newtonian vs linear characteristic)
and the streamline curvature computations (exact vs ap-
proximate). The shear stress in the streamwise and the
crossflow directions similarly show good agreement as indi-
cated in Fig. 2. However, the present calculation shows a
definite maxima in the crossflow shear stress near S/R = 4.
Available oil streak experimental results®:** appear to favor
the trend as predicted by the present calculation. Future
computations using exact inviseid inputs®® will be needed
to provide credence to this point of view.

In summary, an approximation based on a physical de-
scription of the boundary-layer flow has been devised. TIts
use has greatly simplified the task of numerical integration
of the governing equations of three-dimensional, compressible
laminar boundary layer. Numerical results have validated
the effectiveness of the approximation and the computing
time (to S/R = 10) per case (~2 min on CDC 6500) appears
to be reasonable.
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Shock Standoff Distances and
Mach-Disk Diameters in Underexpanded
Sonic Jets
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Subscripts

upstream chamber conditions
downstream (ambient) conditions
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Introduction

NUMBER of theoretical'* and experimentalls—7

studies has been published on the relation between
pressure ratio and shock standoff distance. In particular,
extensive compilations of experimental measurements have
been published by Lewis and Carlson® and by Crist, Sherman,
and Glass,” who noted that the ratio of stagnation pressure
(p1) to ambient pressure (p.) was proportional to the square
of the dimensionless ratio (£) of downstream distance (z)
divided by the exit diameter (d.) of a sonic nozzle; the
proportionality constant was found’ to be equal to 2.4 and
was independent of the ratio of isobaric to isochoric specific
heat ().
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Fig. 1 Schematic diagram of the blow-down tunnel used
for determining shock standoff distance as a function of
pressure ratio. Volume of stagnation chamber = 524 cm?;
volume of vacuum chamber = 7054 em?; exit diameter of
sonic nozzle = 0.680 ¢m; entrance diameter of sonic
nozzle = 2.86 cm; the fast-opening valve is a shock-
actuated valve which opens completely in 20 to 25 msec;
pressure-transducer readings were accurate to about
#+5%,. The initial pressure p, was between 11.75 and 13.25
psia with p, >~ 0.8 psia.
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Fig. 2 Representative experimental results for pi/p. as a
function of x,/d, for mixtures of NO; and N;Os.

Crist, Sherman, and Glass” have also presented an em-
pirical correlation between pressure ratios pi/p. and the
ratios of Mach-disk diameters d, to nozzle-exit diameters d,
for nonreacting gases. Their correlation curves are notably
dependent on vy with d./d. increasing substantially as v is
decreased.

Shock Standoff Distance

We have performed experimental measurements of shock
standoff distances and Mach-disk diameters in a blow-down
tunnel with mixtures of NQ, -and N0, as working fluid.
The apparatus is described in the legend to Fig. 1. With an
experimental time resolution of 10~2 sec, the flow processes
may be considered to be pseudo-steady in an experiment with
a duration of about 1.5 sec. The chemical relaxation times
for equilibration between NO. and N:04 are of the order of
microseconds for our experiments.? The utility of the pro-
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Fig. 3 Data showing the reduced Mach-disk diameters

(d:/d.) as functions of (p:1/p;)'/?. The following symbols

“are used: curve for N, from Love, et al.’; A freon 22, from

Crist, et al.’; O CO;, from Crist et al.’; O N,, from Crist

et al.’; @ N;, present study; V Ar, from Crist et al.’; ®
. NO:-N:Qs, present study.
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Fig. 4 Reduced Mach-disk diameters (d;/d.) as functions
of reduced downstream distance (x./d.) for mixtures of
NO: and N;O.; initial values of p, ~ 11.75 to 13.25 psia,
initial value of p, ~ 0.8 psia.

cedure was verified for nitrogen-flows. Standoff distances
were determined photographically by using a movie camera.
Representative experimental results are plotted in Fig. 2
for NO,-N:0O4 mixtures. The measurements on this reactive-
gas system were reproducible within +10%, for p,/p. at
fixed measured distances of z,/d..

The observed difference between the shock standoff dis-
tance vs pressure correlation for the NO,-N,0,; system and
for nonreacting gases is associated with large temperature
changes occurring? in the rapidly-reacting system which we
have studied.

Mach-Disk Diameters

The previously published data on Mach-disk diameters
have been replotted in Fig. 3, together with new experimental
results for Ny and for the reacting system 2NO; = N,Os.
Interpolation between the data plotted in Fig. 3 shows that
our reacting system behaves like a gas mixture with an ef-
fective value of vy = 1.12 + 0.02.

Data of d,/d. as functions of z,/d. are shown in Fig. 4 for
the NO»-N,O, system. Reference to Fig. 4 indicates that
the experimental results are in accord with the idea that the
observed Mach-disk diameters fall accurately within an ex-
panding cone.

Our experimental findings on Mach-disk diameters may
be accounted for on the basis of heuristic arguments that are
similar to those appearing in previous publications.?
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Effect of Ring Out-of-Plane Bending
Stiffness on Thermal Buckling
Prediction for Ring-Stiffened Cylinders

Davip BusaNELL*
Lockheed Palo Alto Research Laboratory, Palo Alto, Calsf.

NUMBER of papers have been written on the thermal
buckling of ring-stiffened cylinders in which the rings
" are treated as discrete.!~* The analyses were motivated by
problems encountered in space shuttle and supersonic and
hypersonic aircraft design. These vehicles are subjected to
thermal transients such that the thin skin heats up while the
more massive rings remain cold. Radial expansion of the skin
is thus prevented in the neighborhood of the rings, giving rise
to rapidly varying hoop compressive stresses there. It has
been shown both theoretically’=* and experimentally? that
buckling of the hot skin can occur in these narrow boundary-
layer regions adjacent to the cool rings. Because of the nar-
rowness of the region under hoop compression, buckling occurs
with many waves around the circumnference.

Analyses of this problem to date have included rings as
discrete and eccentric (ring centroid not on shell reference
surface). The rings have been modeled as “line’”’ structures
with certain extensional and bending properties for deforma-
tions in the plane of the rings. (Z,8 directions in Fig. 1.)
The effect on buckling loads of ring out-of-plane bending
stiffness (see Fig. 1) has generally been neglected.

The purpose of this Note is to demonstrate the importance
of including out-of-plane bending stiffness of the ring in
thermal buckling analyses. Comparisons are made for three
configurations analyzed by Chang and Card.? These con-
figurations are shown in Figs. 2 and 3. Figures 4-6 show
theoretical results obtained from the BOSOR3 computer
program® in which the “out-of-plane” moments I, and I,
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Fig. 1 Section of cylinder with internal ring. Out-of-

plane bending refers to motion in x direction which varies

harmonically around the circumference but involves no
warping of the ring cross section.
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Shell 8 Ring Moduli: E=26.5x10® psi
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Thermal Expansion Coefficient: a= 7.95x107°/°F
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Fig.2 Geometry of ring-stiffened cylinders, cases 1 and 2.
Dimensions are in inches.

Shell Modulus: E=14.5x10% pei
Poisson's Ratio: v 0.32
Thermal Expansion Coefficient: a = 5x10"%/°F

Ring Modulus: E=16.4210% psi
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Fig. 3 Geometry of ring- and stringer-stiffened cylinder,
case 3. Dimensions in inches.

are included in one case and neglected in the other. Torsional
stiffness and ring cross section warping are neglected in all
cases. Half of the shells are analyzed, with symmetry con-
ditions in the prebuckling analysis and antisymmetry condi-
tions in the buckling analysis being imposed at the symmetry
plane.

Ninety-seven finite-difference mesh points are used in the
analysis corresponding to Figs. 2 and 4. The shell in Fig. 3
is analyzed as consisting of two segments with 97 points in the
first segment and 91 points in the second.

The most important effect is from the ring out-of-plane
moment of inertia I.. As seen from Egs. (15), (17¢), and
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Fig. 4 Prebuckling hoop stress resultant Ny, buckling

temperatures T.,, circumferential waves n, and modes for
case 1 (ring spacing = 3.075 in., see Fig. 2).



